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Manifold of Prokabilily Distributions

Fisher metric : 1929 H.Hotelling
1995 C.R.Rao

Invarience  : ]972 N.N.Chentsov
connections

Curvelure : 1918 B.Efron (A.P. Dawid)

duality : 1982 S. Amart
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e ¢ cubic, symmelric

12 / 56




13/ 56



Due| connections (7, %) (VI7*)
TTA Fenalle] ‘l‘rﬂ\‘msror't
A, TT'B

<A, B> =<TTA TI*B>
(KAB>=LTWA TIRY) : Levi-Civita .



Cormess Fumcuon.

Z=Y(E) Q

PRE, + (1-)E <« HE))
¢ +(1-o) /)
2 2TE
8‘) 2%, ng ~ 0




Bregmaen Divengynca

\///\E}/D[? 1 E]

e &
Z=Y(EYTVPE) -7
DE:E]=y&)-4(5’)
—-VE) (§-8)

_2Y(E)
Séj —B;z>§.§156 > 0




ey =~LS
t(E) =~ In S,

L(F0) = j’rrx) 9.3 Tix) M
Plfe) : § )] K durgne
=(Pe0) I T o




Yix, 9) = oxp (9 X —ip)
Y(B) : TLEE

=2
% =550 1 ()
—:. = 23‘ kI/[/ﬁ)

“w l._ < ) [
1*'1%‘?1?\ R 20287 20

18 / 56



D[ :m'1= Y (m)+ L(M)
\ [7:m 4’(_)/0.’7 -

Plax,19) = exp{—D [:n]] b (x)




DB 1=+ P
—_ 13.17'
Pimy= mmﬁ/ﬂi B - i)






R molruc
E 2_019.,431*

din=)d1, &;

ds= (db JB)
=X g:; db:d0;
3. - ) - p H+d40
J" = <E£ E.J') "]./,’ 1 ¥ J‘?
ds=3 35 0, J;
3 "'<E|. ;G >

G=G"

22 / 56



DIP:p] +D[Q:R] =D[P:R]

Euclidogm spare
) -"—'T‘i ZB: 7= 6;

23/ 56



?m(]n&lﬂn T}'\QDEm P

P= mgmim Dl 0]
ocM <

P01 =>dlQ:P]

Yom)

P = mymin DLE ]

QEM

24 / 56



€ = wgmi DR+ Q]

O=fe E)

D: Kl-dwer : MLE ('“‘V)"‘"‘“""‘
e herd

25/ 56



Trwoumance
Plpey) : Z‘(x)_] ln}n‘matm
Y=Rrx)

pe)— Ply)dy=Prox

Dlre: feol ZZBfF(a) :qw]
y: suficmk s’tﬁu“f“

& D=D

26 / 56



fey=F1)=0, F1ud=4
Scu) : comyeX Fumdian

D, [t fw)=[Peof[52) dx

Inagmk dwezgemce
:‘?.-F ['z[x) : ‘F(Jt)] :D-f, [F(x) ‘-Z(J)J

£*(u) = uF(ic)
-_-—-ﬂgu KL‘WJDFCQ

27 / 56



S. ¢ duoale
P= (%, f, ~ ta). F=Pnb{x=i}

000-----0 2C

obO J (a]

Bl Bz Bm 3—'
ConRAR Fravmamy
]F—J-E" 1_";(=?rul’{3:‘>(§

100 = (2) =Tk { x€B,}
=2Z%F:

LEB,

28 / 56



In;ﬁw\aiom mo%m
Dr: 41 Z D[P < §]
Y=f @y st

Tk z|1eB.Y ='TuLi {x|y 5’123
DIp:31=DIP: ]




decompennfle A&ue/zé;me
DE:31= T R(P,5:)
Theorm  decome. il o



KL- Wowmﬂ—
DeuP: 31= Z"P[x)j?ar{x)

0?'@ K-

31/ 56




32/ 56



D P:21=Do (%Pl

&

bpy=T 67, em)=L
ol e —o| AMI'&IB

33/ 56



Tsallis 2 enlnopy
Hrnvz—(z’f ~1)

(=27~

34 / 56



ol- MLLAM

X, 4 >0
vow +F iy )
(202

Melx )=
seal- free

my (€2, c:.\)‘-'_-*c m (X, 3)

-fa{“\): { u=
Iy, o=

35/ 56



al=|: ansm.oj;kc mesm [Ty
ol=-): GTNM Meam _DC:;—

) 2
ol=3 : Raymomc Mlom T

x 9

d:M . mix/g}
Juzzy

ol=-00 WaX 31,3,}
My X 3)Z My (X, 2) S

MIMVIJ“ wGm o"du'ld'l»c e m2em

36 / 56



ol- Somidy o5 Frobo olaln |
§(x) 7, G (%)

? m
Pec (x, ZJ) =C f;‘{i; ”Eil (i:lx»J
od==1  Fly= TW; T: L)

wlne Fomidy
o£=1  Pylry= p { TN Jgf, 1) - ¥
e fomily

37/ 56



ol imlegedion o3 1), T, 9

PeO=Af Z Wi L {f: w}]

R [fe)=2 W: D[, : po]
mim 2, [P20)]
: -my&m' £, 4
: ] £, P ¢,
e of Aas
GBS

38 / 56



et J«m@lgomfﬂ-
(o p)-divergenca. ug; .,
g ej-umpzf e b1,

- (ot+p) R "7’ )

ot+h xtf
vipy=c2 &>, Pry)-L 1.’

39 / 56



(ul v)'&rw
ufs), UTS) : momolome men,
B£=U.(f.) , 'h= U(ﬁ )

o)=L | “wteoule)dp
Pr=£( © UPYVIPYdp

40 / 56



Center of a cluster

x"=argmin ) D[x,x;]

K-means clustering
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Total Bregman Divergence

Yy x

Figure: df(x,y) (dotted red line) is BD, d¢(x,y) (bold green line) is
TBD, and the two arrows indicate the coordinate system.Note that
d¢(x, y) changes with rotation unlike d¢(x, y) which is invariant to
rotation.
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Clustering : t-center

T-center of E
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Total Bregman divergence (Vemuri).
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Conformal change of divergence
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t-center is robust
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Puall Affine Commedipna

f)k_ {'— J)kﬁ —-2_.- Tyk

r;; ={iLjs k) t = z_ Tk

K

Fof duality
Dy <X, Y2 = KX, YD + (XY

<><\r> (TTXT' Y?

51/ 56



Two g,covbwuu

. E (t)
Vé E1t)=0
V;*g k) =0

Euclidean : de
ftrwa.lu-

Pawgnnion : Levi-Civita commactiom

Jua]a.zmnh-a-'
_srlttsm Two

52 / 56



Flet Manold 2
Canonacsl Diversence.
duelly fId : R=0 & RF=0
a affme codmales: M@, m
g comex dwwdhona : (), PM)
comomcst durrgence
DI0: 0=+ P’y — 0-"

Mamihld oS- prob distichution
wimiancs & Jlet > KL- dvergonce

53/ 56



D[ :m'1= Y (m)+ L(M)
\ [7:m 4’(_)/0.’7 -

Plax,19) = exp{—D [:n]] b (x)







Hession manmifold (Shema )
d5E)=%.% yrE)

M3l=>iM 3 T}
duclly flet ?

§vend; =Ty follom

56 / 56





